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1. Introduction 

1.1. In [10, Chap. 16] we propose a refinement of Alperin's Conjecture 
whose possible proof can be reduced to check that this refinement holds on the 
so-called quasi-simple groups. To carry out this checking obviously depends 
on admitting the Classification of the Finite Simple Groups, and our proof 
of the reduction itself uses the solvability of the outer automorphism group 
of a finite simple group, a known fact whose actual proof depends on this 
classification [10, 16.11]. 

1.2. Unfortunately, on the one hand in [10, Chap. 16] our proof also de- 
pends on checking, in the list of quasi-simple groups, the technical condition 
[10, 16.22.1] — which, as a matter of fact, is not always fulfilled: it is not 
difficult to exhibit a counter-example from Example 4.2 in [12]! - and on the 
other hand, in the second half of [10, Chap. 16] some arguments have been 
scratched. The purpose of this paper is to remove that troublesome condition 
and to repair the bad arguments there. f Eventually, we find the better result 
stated below. 

1.3. Let us be more explicit. Let p be a prime number, k an alge- 
braically closed field of characteristic p , O a, complete discrete valuation 
ring of characteristic zero admitting k as the residue field, G a fc*-group of 
finite /c*-quotient G [10, 1.23], b a block of G [10, 1.25] and efe(G,6) the 
scalar extension from Ij to O of the Grothendieck group of the category 
of finite generated /c^Gfo-modules [10, 14.3]. In [10, Chap. 14], choosing a 
maximal Brauer (6, G')-pair {P, e) , the existence of a suitable fc*-©r-valued 
functor aui(jr^^pnc over some full subcategory (-^bQ)) of the Frobenius 
P-category J^j^ ^j,^ [10, 3.2] allows us to consider an inverse limit of Grothen- 
dieck groups — noted Cyfe(J-'^jj aut(jr^ ^^■jm: ) and called the Grothendieck 
group of J^jj g,^ — such that Alperin's Conjecture is actually equivalent to 
the existence of an O-module isomorphism [10, 132 and Corollary 14.32] 

gk{G,b) = gfe(J'(je),aut(^^^_g^)no) 1.3.1. 



j" In particular, this paper has to be considered as an ERRATUM of a partial contents of 
[10, Chap. 16] going from [10, 16.20] to the end of the chapter. 
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1.4. Denote by Outfe»(G) the group of outer fc*-automorphisms of G 
and by Outfe« (G)b the stabilizer of b in Outfe. (G) ; it is clear that Outfe. {G)h 
acts on GkiG,b) , and in [10, 16.3 and 16.4] we show that this group still 
acts on g-j, aut(^^^ ^pn<=) . Our purpose is to show that the following 

statement 

(Q) For any k* -group with finite k* -quotient G and any block bofG, there 
is an OOutk* {G)b-fnodule isomorphism 

gkiG,b) - gfe(j^((,_c),^rt(^^^^^)-) 1.4.1 



can be proved by checking that it holds in all the cases where G contains a 
normal noncommutative simple subgroup S such that Cg{S) = {1}, p di- 
vides \S\ and G/5 is a cyclic p'-group. 

1.5. To carry out this purpose, in [10, Chap. 15] wc develop reduction 
results relating both members of isomorphism 1.4.1 with the Grothendieck 
groups coming from suitable proper normal sub-blocks; recall that a normal 
sub-block of (6, G) is a pair (c, H) formed by a normal fc*-subgroup H oiG and 
a block c oi H fulfilling c6 7^ . It is one of this reduction results — namely in 
the case where G/H is ap'-group [10, Proposition 15.19] — that we improve 
here, allowing us to remove condition [10, 16.22.1]. Then, following the same 
strategy as in [10, Chap. 16], we will show that in [10, Chap. 16] all the 
statements including this condition in their hypothesis can be replaced by 
stronger results and, at the end, we succeed in replacing [10, Theorem 16.45] 
by the following more precise result. 

Theorem 1.6. Assume that any block (c, H) having a normal sub-block {d, S) 

of positive defect such that the k* -quotient S of S is simple, H/S is a cyclic 
p' -group and Ch{S) = {1} , fulfills the following two conditions 

1.6.1 Out(<S') is solvable. 

1.6.2 There is an OOutk* {H)c-^odule isomorphism 

Then, for any block (b,G) there is an OOutk'-(G)b-module isomorphism 



Gk{G,b) ^ ^fe(^6,G)'«"V(!„G))"°) 



1.6.3. 
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2. Notation and quoted results 

2.1. We already have fixed p , k and O . We only consider fc- algebras A 
of finite dimension and denote by J{A) the radical and by A* the group of 
invertible elements of A . Let G be a finite group; a G-algebra is a fc-algebra A 
endowed with a G-action [4] and we denote by A'~^ the subalgebra of G-fixed 
elements. A G-algebra homomorphism from A to another G-algebra A' is a 
not necessarily unitary fc-algebra homomorphism f : A ^ A' compatible with 
the G-actions; we say that / is an embedding whenever 

Ker(/) = {0} and Im(/) = /(U)A7(U) 2.1.1. 

2.2. Recall that, for any subgroup H oi G , a point a of iJ on ^ is an 
(A^)*-conjugacy class of primitive idempotents of A^ and the pair Ha is 
a pointed group on A [5, 1.1]. For any i G a, iAi has an evident structure 
of _ff-algebra and we denote by Aa one of these mutually (^^)*-conjugate 
iJ-algebras and by A{Ha) the simple quotient of A^ determined by a . A 
second pointed group on A is contained in if K C H and, for any 
i € a, there is j G /3 such that [5, 1.1] 

ij =j= ji 2.2.2; 

then, it is clear that the (A^)*-conjugation induces if-algebra embeddings 

:Ap ^Res^iAa) 2.2.3. 

2.3. For any p-subgroup P of G we consider the Brauer quotient and 
the Brauer homomorphism [1, 1.2] 

Br^ : A^ A{P) = A^ / ^ 2.3.1, 

Q 

where Q runs over the set of proper subgroups of P , and call local any point 7 
of P on A not contained in Ker(Brp) [5, 1.1]. Recall that a local pointed 

group P-y contained in Ha is maximal if and only ifTirp{a) C j4(P-y)p"^^"'^ 
[5, Proposition 1.3] and then the P-algehra Aj — called a source algebra 
of Aa — is Morita equivalent to Aa [9, 6.10]; moreover, the maximal local 
pointed groups P^ contained in Ha — called the defect pointed groups of Ha 
— are mutually H-conjugate [5, Theorem 1.2]. 

2.4. Let us say that A is a p-permutation G-algebra if a Sylow p-subgroup 
of G stabilizes a basis of A [1 , 1.1]. In this case, recall that if P is a p-subgroup 
of G and Q a normal subgroup of P then the corresponding Brauer homo- 
morphisms induce a fc-algebra isomorphism [1, Proposition 1.5] 



{A{Q)){P/Q)^A{P) 



2.4.1; 
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moreover, choosing a point a of G on ^ , we call Brauer {a, G)-pair any pair 
(P, e^) formed by a p-subgroup P of G such that 'BTp{a) ^ {0} and by a 
primitive idempotent ca of the center Z(^A{P)) of A{P) such that 

eA-BvUa) {0} 2.4.2; 

note that any local pointed group Qs on A contained in Ga determines a 
Brauer (a,G)-pair {QJa) fulfilling fA-Bv^{6) + {0}. 

2.5. It follows from [1, Theorem 1.8] that the inclusion between the local 
pointed groups on A induces an inclusion between the Brauer (a,G)-pairs; 
explicitly, if (P, ba) and (Q, Ja) are two Brauer (a, G)-pairs then we have 

{QjA)c{P,eA) 2.5.1 
whenever there are local pointed groups P^ and Qs on A fulfilling 

QsCP^cG^ , fA-BT^{S) ^ {0} and e^-Br^(7) ^ {0} 2.5.2. 

Actually, according to the same result, for any p-subgroup P of G , any 
primitive idempotent ca of Z(A(P)) fulfilling eA-Bip{a) ^ {0} and any 
subgroup Q of P, there is a unique primitive idempotent /a of Z{A{ff)) 
fulfilling 

CA-Br^M 7^ {0} and (Q, /a) C (P, e^) 2.5.3. 

Once again, the maximal Brauer {a,G)-pairs are pairwise G-conjugate [1, 
Theorem 1.14]. 

2.6. For inductive purposes, we have to consider a A;*-group G of fi- 
nite fc*-quoticnt G [10, 1.23] rather than a finite group; moreover, wc are 
specially interested in the G-algebras A endowed with a A;*-group homomor- 
phism p:G ^ A* inducing the action of G on ^ , called G -interior algebras; 
in this case, for any pointed group Ha — also noted — on A, A^ = iAi 
has a structure of H -interior algebra mapping y € H on p{y)i = ip{y) ; 
moreover, setting x-a-ij = p{x)ap{y) for any a & A and any x,y G G , a 
G-interior algebra homomorphism from A to another G-interior algebra A' 
is a G- algebra homomorphism f -.A ^ A' fulfilling 

f{x-a-y) = x-f{a)-y 2.6.1. 

2.7. In particular, if and Kp arc two pointed groups on A , we say 
that an injective group homomorphism ip: K ^ H is an A-fusion from 

to Ha whenever there is a ii'-interior algebra embedding 

U-.Ap^ Resf 2.7.1 
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such that the inclusion C A and the composition of /(^ with the inclusion 

Aa C A arc A*-conjugatc; wc denote by Fj\{K[j, Ha) the set of iJ-conjugacy 
classes of A- fusions from to Ha and, as usual, we write FA{Ha) instead 
of F^iHa, Ha) .UAa= lAi for i e a , it follows from [6, Corollary 2.13] that 
we have a group homomorphism 

FA{Ha) NA'JH-i)/H-{A^)* 2.7.2 

and if is a p-group then we consider the A:*-group Fa^Ho) defined by the 
pull-hack 

FA{Ha) NAi{H-i)/H.{A^y 

t t 2.7.3. 

FA{Ha) NA'jH-i)/H-{i + J{A^)) 

2.8. We also consider the mixed situation of an H-interior G-algebra B 
where is a fc*-subgroup of G and B is a G-algebra endowed with a com- 
patible if-interior algebra structure, in such a way that the module 
B (8>j. fjk^G endowed with the product 

{a®x).{b®y)=ab'^~^®xy 2.8.1, 

for any a,b G B and any x,y G G , and with the group homomorphism 
mapping x G G on 1b ^ x , becomes a G-interior algebra — simply noted 
B^jjG . For instance, for any p-subgroup P of G , A{P) is a Cq (P)-interior 
iVG(-P)-algebra. 

2.9. Obviously, the group algebra kt,G is a j)-permutation G-interior 
algebra and, for any block & of G, the ((A;*G)'^)*-conjugacy class a = {6} 
is a point of G on fc,G . Moreover, for any p-subgroup P of G , the Brauer 
homomorphism Brp = Brp induces a /c-algebra isomorphism [8, 2.8.4] 

fc,Gg(P) ^ (fc*G)(P) 2.9.1; 

thus, up to identification throughout this isomorphism, in a Brauer (a, G)- 

pair (P, e) as defined above — called Brauer (6, G)-pair from now on e is 
nothing but a block of Cq{P) such that eBrp(6) ^ . It is handy to consider 
the quotient 

Cq{P) = Cq{P)IZ{P) 2.9.2 

and we denote by 

Brp : {kM)^ — > k^C^iP) 2.9.3 

the corresponding homomorphism; recall that the image e of e in k^CQ{P) 
is a block of Cq{P) and that the Brauer First Main Theorem affirms that 
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(P, e) is maximal if and only if the k-algebra k*CQ{P)e is simple and the 
inertial quotient 

EG{P,e) = N^{P,e)/P-C^{P) 2.9.4 
is a p' -group [9, Theorem 10.14]. 

2.10. In this case, the Frobenius P -category T ~ g-j of h [10, 3.2] is, 

up to equivalence, the category where the objects are the Brauer (6, G)-pairs 
(Q, /) and the morphisms are determined by the homomorphisms between the 
corresponding p-groups induced by the inclusion between Brauer (6, G)-pairs 
and by the G-conjugation. Then, we say that {Q, f) is nilcentralized if the 
block / of Cq{Q) is nilpotent [10, Proposition 7.2], we denote by F"" the 
full subcategory of F over the set of nilcentralized Brauer (6, G)-pairs, and 
consider the proper category of T -chains cf)*(^ °) [10, A2.8] and the auto- 
morphism functor [10, Proposition A2.10] 

outjpno : cf)*(X') — > &x 2.10.1, 

where (Sr denotes the category of finite groups, mapping any cf}*(J-' )-object 
(q, A„) — q being a functor from the ordered n-simplex A„ to J-" — to its 
cf)*(J^"°)-automorphism group — the automorphism group of the functor q , 
simply noted ^(q) . 

2.11. If (Q, /) is a nilcentralized Brauer (6, G)-pair, / determines a 
unique local point 5 of Q on fc,G since k^,C ^^{Q) f has a unique isomorphism 
class of simple modules [7, (1.9.1)]; now, the action of Ng{Q, f) on the simple 
fc-algebra {k^G){Qs) determines a fc*-group Ng{Qi f) and it is clear that the 
the corresponding fc*-subgroup Cg{Q) is canonically isomorphic to C^{Q) , so 
that the "difference" Ng{Q, f) *N^{Q, f)° [8, 5.9] admits a normal subgroup 
isomorphic to Cg{Q) ; then, up to identification, we define 

Eg{Q, f) = {Ng{Q, /) * ^ciQ' fr)/Q-CG{Q) 2.11.1; 

note that from [6, Theorem 3.1] and [8, Proposition 6.12], suitable extended 
to A:*-groups, we obtain canonical fe*-group isomorphisms (cf. 2.8.3) 

EGiQJT = KaiQs) = Fik,G)AQs) 2.11.2. 

2.12. In [10, Theorem 11.32] we prove that the functor aut^^c above can 
be lifted to a functor 

autjrnc : cf)*(7""°) — > k*-ex 2.12.1, 

where k*-&t denotes the category of fc*-groups with finite fc*-quotient, map- 
ping any c{)*(J^°°)-object (q,A„) on the corresponding fc*-subgroup ^(q) 
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of £^G(q(n)) . Then, denoting by Qk '■ k*-<5x — >■ O-moi) the functor determined 
by the Grothendieck groups and the restriction maps, we define [10, 14.3.3] 

GkiJ^, ^l^no ) = lim [Qk O ^i^no ) 2.12.2 

More precisely, wc say that a Braucr (b, G)-pair is !F -self centralizing if the 
block / of Cq{Q) has defect zero [10, Corollary 7.3]; denoting by T'^" the full 
subcategory of T over the set of selfcentralizing Brauer (6, G)-pairs and by 
out^sc the corresponding restriction, in [10, Corollary 14.7] we prove that 

GkiT, ^ijr- ) ^ lim (sfe o ou^o ) 2.12.3. 

2.13. On the other hand, for any p-subgroup QoiG and any fc*-subgroup 
H of Nq{Q) containing Q-Cq{Q) , we have 

BrQ((fc,G)^) = {KG){Q)" 2.13.1 

and therefore any block f of Cq{Q) determines a unique point /? of H 

on k^:G such that Hp contains Qg for a local point S of Q on k^^G ful- 
filling [7, Lemma 3.9] 

/■BrQ(5) ^ {0} 2.13.2. 

Recall that, if i? is a subgroup of Q such that Cq{R) C H then the blocks of 
C^{R) = G^{R) determined by {Q, f) from G and from H coincide [1, The- 
orem 1.8]. 

2.14. Moreover, denote by 7 the local point of P on A;*G determined 
by e and set Eg{P, e) = EciP-y) ; since EciP-y) is a p'-group, it follows from 
[9, Lemma 14.10] that the short exact sequence 

1 P/Z{P) Ng{Pj)/Gg{P) Eg{Pj) 1 2.14.1 

is split and that all the splittings are conjugate to each other; thus, any 
splitting determines an action of EoiP-^i) on P and it is easily checked that 
the corresponding semidirect product 

Lg{P^) = P >4 EGiPjY 2.14.2 

does not depend on our choice. Then, it follows from [9, Theorem 12.8] that 
we have a unique ((A;*G):^)*-conjugacy class of unitary P-interior algebra 
homomorphisms 

l^ : kdciP-y) {k,G)^ 2.14.3 
which are also k(P x P)-module direct injections. 
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3. Normal sub-blocks 

3.1. Let G be a A;*-group with finite A;*-quotient G , H a normal fc*-sub- 
group of G , 6 a block of G and c a block of H fulfilling cb ^0 . Note that we 
have &Tr? (c) = b where Gc denotes the stabilizer of c in G ; thus, considering 

the G-stable semisimple fc-subalgebra ^^k-bc^ of A;*G, where x € G runs 
over a set of representatives for G/Gc , it follows from [11, Proposition 3.5] 
that be is a block of Gc and then from [11, Proposition 3.2] that we have 

hGb^lnd'^ihGcbc) 3.1.1, 

so that the source algebras of the block 6 of G and of the block be of Gc are 
isomorphic. 

3.2. Thus, from now on we assume that G fixes c , so that we have be = b 
and, in particular, a = {c} is a point of G on (cf. 2.2). Let {Q,f) be a 
maximal Brauer {c,H)-pah and denote by NQ{Q,f) the stabilizer of {Q,f) 
in G , setting 

Gg(g,/) = G^(Q)n7V^(g,/) 3.2.1; 

by the Frattini argument, we clearly get 

G = H-N^{Q,f) 3.2.2; 

as in 2.11 above, No{Q, /) acts on the simple fc-algebra k^Cjj{Q)f (cf. 2.9), 
so that we get a A;*-group Ng{Q, f) and the "difference" Ng,{Q, f)*NG{Q, f)° 
contains a normal subgroup canonically isomorphic to Ch (Q) ; note that we 
have (cf. 2.11.1) 

EHiQ^f) c {N^iQ,f)*NGiQ,.fr)/Q-CHiQ) 3.2.3. 

Moreover, Gg(Q,/) acts on the A;*-group EniQ,/) acting trivially on the 
A;*-quotient Eh{Q, /) , and therefore, denoting by Sq{Q, /) the kernel of this 
action, the quotient 

Z = C^{QJ)/S^iQ,f) 3.2.4 

is an Abclian p'-group. 

3.3. More precisely, denoting by 5 the local point of Q on k^^H deter- 
mined by / (cf. 2.11) and choosing j € S, for any x G N^IQ,/) there is 

a* S ((fc*H)'^)* such that = j"* and, in particular, the element x{ax)~^ 
centralizes j ; hence, choosing a set of representatives X C N^{Q, /) for the 
quotient N^{Q, f)/Nfj{Q, /) , the element a;(aa)~^ normalizes the source al- 
gebra B = j{k^H)j of c for any x G X , and we easily get 

D =jikM)j = ^x{ai)-^-B 3.3.1. 
xex 
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It is clear that, for any x G CQ{Q,f), the element x{ax)~^ induces 
a Q-in-terior algebra automorphism of B and it follows from [8, Proposi- 
tion 14.9] that if x belongs to Sq{Q, /) then the element x{ax)^^ induces an 
interior automorphism of the Q-interior algebra B ; thus, up to modifying 
our choice of , wc may assume that x{ax)~^ centralizes B . From now on, 
we assume that x{ax)~'^ centralizes B for any x € Sq{Q, f) , so that Z acts on 
B , and that the elements of X belonging to Cq{Q, f)-N^{Q, /) are actually 
chosen in Cg{Q, f) . 

3.4. On the other hand, denote by Cg{Q, /) the corresponding fc*-sub- 
group of Ng{Q, /) and set 

Cg(0, /) = (C^(Q, /) * (7g(Q, fr)/CH{Q) 3.4.1; 

then, since / is a block of defect zero of Cfj{Q) , we have [11, Theorem 3.7] 

KC^{Q,f)f = KC^{Q)f®k KCh{QJ) 3.4.2; 
more generally, we still have 

fc.C(5(Q)Trgjg^^(/) ^ Indg^g;^^(fc,(7^(Q)/®fc k.C§{Q,f)) 3.4.3. 



3.5. Note that, always from [11, Theorem 3.7], if Q is a defect group of b 
then there is a block h of defect zero of C^{Q, /) such that we have 

BrQ{b) = T4f^j^-^^{J®-h) 3.5.1; 

in this case, denoting by S^{Q, /) the image of S^{Q, /) in C§{Q, /) and by 

'SfjiQ: /) the corresponding fc*-subgroup of Cf^{Q, /) , it follows again from 
[11, Theorem 3.7] that there is a block £ of defect zero of S^{Q, /) such that 

hTi^ll'^i] {i) = h and KC^{Q, f)gi = kJ^{QJ)l ®k kj^ 3.5.2 

where C§{Q, f)i is the stabilizer of ^in C§{Q, f) and Z( a suitable fc*-group 
with the stabilizer = Cj^iQ, f)i/ S'^{Q, f) of ^ in Z (cf. 3.3.1) as the 
A;*-quotient. 

3.6. Moreover, it is clear that EniQ^f) and Cf^{Q,f) arc normal sub- 
groups of the quotient Ng{Q, f) /Q-Ch{Q) and therefore their converse ima- 
ges Eh{Q, f) and C%{Q, f) in the quotient (iV^(Q, f)*NG{Q, f)°) /Q-Ch{Q) 
(cf. 3.2.3 and 3.4.1) still normalize each other; but, since we have 



NH(.Qs)r\CG{Qs) = CH{Q) 



3.6.1, 
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their commutator is contained in k* ; hence, Eh{Q, /) also acts on C'§{Q, /) , 
acting trivially on C'^{Q, /) and on S^{Q, /) . In particular, if Q is a defect 

group of b then EniQ,/) fixes £ and therefore it acts on the fc*-group Z;^ , 
acting trivially on Zg . 

3.7. But, the action of CoiQ,/) on EoiQ,/) determines an injective 
group homomorphism (cf. 3.2.4) 

Z — y'5iom{EH{QJ),k*) 3.7.1. 

Hence, since Z is Abelian, if Q is a defect group of b then the action of 
Eh{Q, /) on Zi induces a surjectivc group homomorphism 

Eh{Q, f) Hom(% k*) 3.7.2; 

in this case, since Z^ is an Abelian p'-group and we have 

Z{k^Z'^^ — k^Zi^Z'^^ = kZ^ 3.7.3 

where Zi denotes the image of Z{Zi) in the fc*-quotient of , the group 
Eh{Q, /) acts transitively on the set of blocks of Zi and, in particular, £ is 
primitive in Z{k*C§{QJ)i)'^"^^'^^ . 

Proposition 3.8. With the notation above, b belongs to k^[H-SQ{Q, /)) and 
it is a block of H-Sq{Q, /) . 

Proof: It follows from [10, Proposition 15.10] that b already belongs to 
fc* (H-C^{Q, /)) and that it is a block of H-Cg{Q, /) ; thus, with the notation 
above, we may assume that 

G = H-C^{Q,f) and C^iQ) = S^{Q, f) 3.8.1; 

in this case, since G/H \s a p'-group, it follows from [10, Proposition 15.9] 
that Q is necessarily a defect group of 6 . 

Consequently, since we have Sf^{Q,f) = {1} and CQ{Q,f) = Cq{Q) 
(cf. 3.8.1), it follows from 3.7 above that the unity element is primitive in the 

A:-algebra Z{KC'^{Q))'^"^^'^^ ; but, we have (cf. 3.4.2) 

Z(fc*(7^(Q)/)^-^^'^^ - Z{KC%{Q)f''^'^'f^ 3.8.2; 

hence, the idempotent BrQ(c) = Trj^"^|g''^^(/) is also primitive in the fc-alge- 

bra Z(fc,C'g(g))^<*^'^^ , which forces BrQ(6) = BrQ(c) . Since this applies to 
any block b' of G such that b'c = 6' , we actually get b = c. 



11 



3.9. Prom now on, we assume that G/H is a p'-group; in particular, 

it follows from [10, Proposition 15.9] that Q is necessarily a defect group 
of 6; then, it follows from [10, Lemma 15.16] that the local point 5 oi Q 
on kt,H in 3.3 above splits into a set {{6, 'p)}^i=-p(k,c'^{Q /)) of local points of Q 
on k^G . Moreover, the blocks h of Cf^{Q, /) and i of S'^{Q, /) respectively 
determine points (p of ki,C^{Q, /) and if) of k*S§{Q, /) , and it is quite clear 
that we have (cf. 3.4.3) 

(fc*G)(Q(,,^)) ^IndggJ^^^(fc.(7^(Q)/®fe {k.C§{Q,f)){^)) 3.9.1; 

then, setting ~ , we also get a point 6 of such that (cf. 2.5.2) 

(A:.Cg(Q,/))((^) ^ Ind^|g;Jj^((A:.^g(g,/))(V.) {k.Z^m) 3.9.2; 

Denote by Z^ the image of Z{Z^) in Z^ and consider the action of Z^ on B 
defined in 3.3 above; choosing an idempotent i in the point {6, if) , our next 
result shows how to compute the source algebra A = i{kt,G)i of h from the 
Q-interior algebra B^* . 

Theorem 3.10. With the notation above, assume that G/H is a p' -group. 
Then the image of EniQs)'^* in Eh{Qs) coincides with the intersection 

Eh{Qs) n EaiQ(^s,(p)) 1 this equality can be lifted to a k*-group isomorphism 
from Eh{Qs)^* to the converse image of this intersection in Eg{Q{s,(p)) > d^d 
we have a Q-interior algebra isomorphism 

^ = B^'®E„iQ,f,^G{QiS,^)) 3.10.1. 

Proof: For any x,y G Ng,{Q, f) , it is clear that the "difference" between 

x{a£)~^y{a^)~^ and xy{as:y)~^ belongs to ((fc^fl")"^)* , and therefore the 
union 

X= [j x{as,y^-{B'^)* 3.10.2 
«eJVg(Q,/) 

is a fc*-subgroup of Nn* {Q-j) thus, since we have 

(fc*^)«niV^(Q,/) = (7^(Q) 3.10.3, 
we obtain the exact sequence 

1 ^ (sQ)* N^{Q, f)/Cfj{Q) 1 3.10.4; 

moreover, since j is primitive in B'^ , we still have the exact sequence 

1 Qij + JiB'^)) ^X—^ N^{QJ)/Q-Ch{Q) 1 3.10.5 
where, as usual, X denotes the A;*-quotient of X . 
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Since the quotient N = N^{Q, f)/Q-Cjj{Q) is a p'-group, this sequence 
is spht and, actually, all the splittings are conjugate [2, Lemma 3.3 and Propo- 
sition 3.5]; thus, denoting by N the converse image in X of a lifting of N 

to X , it is easily checked that the A;*-quotient of i? fl iV is isomorphic to 
Eh{Q, /) and therefore we may assume that (cf. 2.14.3) 

Br\^ = ls{EH{Q,f)) 3.10.6; 

then, up to suitable identifications, isomorphism 3.3.1 determines a Q-interior 
algebra isomorphism 

^ = ^®^„(Q,/)^ 3.10.7. 

Moreover, identifying C§{Q,f) with its image in TV, it is clear that 
CfjiQ, /) centrahzes Q-j ; further, the action on B of an clement of K'^{Q, /) 
coincides with the action of some clement in j + J{B'^) and thus K'g{Q, /) 
acts trivially on B . On the other hand, since the group of fixed points iV'^ 
of Q on TV coincides with C§{Q,f) and since from isomorphism 3.10.7 we 
clearly get 

Z)(Q)-i?(g)®^^(Q^.)iV'3 3.10.8, 
it follows from isomorphism 3.4.2 that we also get a fc*-isomorphism 

7V«SCg(g,/) 3.10.9. 

Firstly assume that G = H-S^{Q, f) ; in this case, we have Z = {1} 
and, according to 3.6, isomorphism 3.10.8 above becomes 

D^B^kk^K^iQJ) 3.10.10; 

hence, we may assume that i = j ® i for some primitive idcmpotont £ in 
the fc-algebra kt:K§{Q, /) ; then, i centralizes B and the multiplication by i 
determines a Q-interior algebra isomorphism B = A ; in particular, we get 
(cf. 2.11.2) 

Eh{Qs) ^ FBiQsr ^ Fa{Q(s,^))° ^ EciQis,^)) 3.10.11. 

Consequently, in order to prove the theorem we may assume that H 
contains S^{Q,f) and, in this case, firstly assume that G = H-C^{Q, f) ; 
then, wc have K^{Q, /) = {1} ,1=1 and ip = {1} , and isomorphism 3.10.7 
above becomes (cf. 3.6) 

D^B(g)k'Z 3.10.12; 

in particular, D'^ contains the A;-algebra ; moreover, since Eh{Q, /) and 
Z normalize each other (cf. 3.6), Eh{Q, /) normalizes the A;-subalgebra k*Z 
of D and, according to 3.7 above, it acts transitively on the set of primitive 
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idempotents of Z{k*Z) ; but, it is clear that we have Z{k^Z) = k^Z{Z) and 
that its primitive idempotents have the form 

ee = -l-^e{w)-w-^ 3.10.13 

where w £ Z{Z) runs over a set of representatives for Z and 9 : Z[Z) — >• /c* is a 
A;*-group homomorphism; hence, choosing such a A;*-group homomorphism Q , 
it follows from [11, Proposition 3.2] that we have 

D ^ Indf"|^-J| (C (g>k kjee) 3.10.14 

where Eh{Q, f)e denotes the stabilizer of 9 in Eh{Q, /) and C the centralizer 
of the simple fc-algebra k^Zee in egDeg . 

On the one hand, since the action of Eh{Q, f) on Z determines a homor- 
phism from Eh{Q, /) to the group Hom(Z, k*) which is Abelian, Eh{Q, f)g 
is normal in EH{Q,f) and therefore EH{Q,f)9 coincides with Eh{Q, f)^ ■ 
On the other hand, since Z is a p'-group, an elementary computation shows 
that 

ee{B Ofc. Z)ee = ®k k*Zee 3.10.15 

and therefore we get C = . In particular, since the unity element j is 
primitive in (B^)*^ , up to suitable identifications, in isomorphism 3.10.14 

above we may assume that (p = 9 and i ~ 1 ® ® eg) 1 , so that wc obtain a 
Q-interior algebra isomorphism A = B^; moreover, once again because of Z 
is ap'-group, we get (cf. 2.11.2) 

EHiQsf = {FBiQsyf = FA{Qis,^)y = Eg{Q{s,v)) 3.10.16. 

Finally, in order to prove the theorem we may assume that H con- 
tains C^iQJ); then, we have K§{Q,f) = {1} = C§{Q,f), Z = {1} , 
i = l = h and tp = {1} = f , and in particular we get a group isomorphism 

N = N^iQ, f)/Q-Cfj{Q, /) ^ EG{Qi5,{i})) 3.10.17. 

In this case we claim that i = j ; indeed, it is clear that the multiplica- 
tion by B on the left and the action of Q by conjugation endows D with 
a B yi Q-module structure and, since the idempotent j is primitive in B^ , 
equality 3.3.1 provides a direct sum decomposition of -D on x Q-modules. 
More explicitly, note that B is an indecomposable B xi Q-module since we have 
EndB>,Q(B) =B'3;but, for any .x £ A" , the inversible element a;(aj ) ^ j of D 
together with the action of x on Q determine an automorphism of B >^ Q ; 
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thus, equality 3.3.1 provides the following direct sum decomposition on inde- 
composable B X Q-modules 

£)^0Resg-(B) 3.10.18. 

Moreover, we claim that the B x Q-modules ReSg- (B) and RcSg., (B) 
for x,x' 6 X are isomorphic if and only ii x = x' ; indeed, a -B xi Q-module 
isomorphism 

Resg, (B) ^ Resg., (B) 3.10.19 
is necessarily determined by the multiplication on the right by an inversible 
element a of B fulfilling v/''-a = a-u^ or, equivalently, {u-jY = u;'' -j for 
any u G Q , which amounts to saying that the automorphism of Q deter- 
mined by x^^x' e N^{Q,f) is a B-fusion (cf. 2.7) from Qs to Qs [6, Propo- 
sition 2.12]; but, it follows from [6, Proposition 2.14 and Theorem 3.1] that 
we have 

FBiQs)=EH{Q,f) 3.10.20; 

then, isomorphism 3.10.17 implies that x~^x' belongs to N^{Q,f) , so that 
we still have x = x' . 

On the other hand, it is clear that Di is a direct summand of D as 

B x: Q-modules and therefore there is x E X such that ReSg- (B) is a direct 
summand of the B x Q-module Di ; but, it follows from [6, Proposition 2.14] 
that we have 

FD{Qis,{i})) = FA{Qis,{i})) = Eg{Q^s,{i})) 3.10.21 

and therefore, once again applying [6, Proposition 2.12], for any element y in 
there is an inversible element rfg in D fulfilling 

{u-i)'^y = u^-i 3.10.22 

for any u Q : then, for any i' G A:" , it is clear that Di = _Di(ij-i^/ has a 
direct summand isomorphic to ReSg., (B) , which forces the equality of the 
dimensions of Di and D , proving our claim. 

Consequently, from isomorphism 3.10.17 the Q-interior algebra isomor- 
phism 3.10.7 becomes 

A = B^E„^Q,)EG{Q^iiy)) 3.10.23, 

for a suitable A:*-group Eg{Q{s^{i})) with fc*-quotient £'g(Q(5,{i})) , and then 
it easily follows from 2.14.1 that we have 

EHiQs) C Eg{Q^{i})) = Eg{Q(5,{i})) 3.10.24. 

We are done. 

3.11. As a matter of fact, this theorem implies [10, Corollary 15.20] 
without assuming condition [10, 15.17.1], as we show in the next result. 
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Corollary 3.12. With the notation above, assume that G/H is a p' -group. 
Let G' he a k* -subgroup of G containing H , b' a block of G' such that 

BrQ(6') 7^ , and ip' a point of the k-algebra k^.C'? (Q, /) such that Q{s.^') is 
a defect pointed group of b' . If we have EQi{Q(^S ipt)) = Eq{Q^s.ip)) o-^d this 
equality can be lifted to a k* -group isomorphism Eqi{Q(^^^^i^) = Eg{Q{5,ip)) 
then the Frobenius Q-category T' = J^^pi qi^ coincides with we have a 

natural isomorphism aul^/nc = aut^-c inducing an O-module isomorphism 

GkiT, aut^nc ) ^ ^t^,„c ) 3.12.1, 

and the restrictions to the respective source algebras induce an O-module 
isomorphism 

gk{G,b)^gk{G',b') 3.12.2. 



Proof: Since we assume that EG'{Q(5,,pi)) = Eg{Q(5^,p)) , we have 

Eh{Qs) Ec'iQis,^')) = Eh{Qs) n EciQis,^)) 3.12.3 

and therefore it follows from Theorem 3.10 that we still have a A;*-group 
isomorphism 

EHiQsf^' =EH{Qsf* 3.12.4 

which actually forces Z'^, ^ (cf. 3.6 and 3.7) and B^'-*' ^ B^* . Thus , 
denoting by A' a source algebra of the block b' , always from Theorem 3.10 
we obtain Q-interior algebra isomorphisms 

A' ^ B''.'^^^^^^^.,,Ea>iQ,,,,) 

l\\ 3.12.5. 

But, it follows from [6, Theorem 3.1] and from [8, Proposition 6.21] that 
and 7"' , aul^-c and autj^/i^ , QkiJ^, autj^^c) and Gk{^' , autj^/ic) , and Qk{G, b) 

and Qk{G' , b') arc completely determined from the respective source algebras 
A of 6 and A' of b' . Thus, the isomorphism A = A' forces the equality T = 
and all the isomorphisms. We are done. 



4. Reduction of the question (Q) 

4.1. From now on, we prove Theorem 1.6 by revising all the contents 
of [10, Chap. 16]. The point is that there all the reduction arguments depend 
on condition [10, 16.22.1] only thoughout condition [10, 15.17.1] in [10, Corol- 
lary 15.20]; since this condition has been removed in Corollary 3.12 above, 
obtaining the same conclusion, it is possible to remove condition [10, 16.22.1] 
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in all the statements of [10, Chap. 16], proving Theorem 1.6. We revise 

step by step, avoiding as far as possible to repeat proofs in the first part 
of the proof; from 4.11 on, we have to replace the corresponding part in 
[10, Chap. 16] by new arguments. 

4.2. Let G be a A;*-group with finite fc*-quotient G and b a block of G ; 
from [10, Proposition 16.6] we may assume that, for any nontrivial charac- 
teristic fc*-subgroup TV of G , any block c oi N such that 6c 7^ is G-stablc; 
then, from [10, Proposition 16.7] we may assume that, for any nontrivial 
characteristic A;*-subgroup N of G , any block c such that be = b has a 
nontrivial defect group. 

4.3. From now on, we assume that, for any nontrivial characteristic 
fc*-subgroup iV of G , any block c of TV such that 6c 7^ is G-stable and has 
a nontrivial defect group, which forces Op'(G) = k* . Then, from [10, Propo- 
sition 16.8] we may assume that the quotient G/Cq(^Z(Op{G))^ is a cyclic 
p'-group and, moreover, from [10, Proposition 16.9] we may assume that we 
actually have Op(G) = {1} . Consequently, from now on we also assume that 

Op>{G) = k* and Op(G) = {1} 4.3.1. 

4.4. Then, it is well-known that the product H of all the minimal non- 
trivial normal subgroups of G is a characteristic subgroup of G isomorphic 
to a direct product 

H^Y[Hi 4.4.1 

iei 

of a finite family of noncommiitativc simple groups Hi of order divisible by p 
[3, Theorem 1.5]. Denoting by H and by Hi the respective converse images 
of H and Hi in G , it is quite clear that 

H = '[l.^^Hi and Cq{H) = k* 4.4.2 

where riiG/-^* denotes the obvious central product of the family of A;*-groups 
Hi over k* ; moreover, since this decomposition is unique, the action of 
Autfc-.(G) on H induces an Autfc. (G)-action on / and, denoting by W the 
kernel of the action of G on / , we have H C W and get an injective group 
homomorphism 

W/H ^Y[Outk^{Hi) 4.4.3; 

iei 

thus, admitting the announced Classification of the Finite Simple Groups, 
the quotient W/H is solvable. 
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4.5. Let c be the block of H such that cb = b and {P, e) a maximal 

Brauer (&, G)-pair; setting Q = P D H , it follows from [10, Proposition 15.9] 
that Q is a defect group of c and that there is a block / of C^{Q) such that 

we have eBrp(/) ^ and that (Q, /) is a maximal Brauer (c, ff)-pair; then, 
we consider the Probenius P- and Q-categories [10, 3.2] 

•^ = •^(6,6) and n = T^^fj) 4.5.1. 

Since clearly c = ®i^iCi where Cj is a block of Hi , we have Q = Hig/ Qi 
where Qi is a defect group of Cj , and / = ^ieifi where fi is a block of C^, (Qi) 
and {Qi,fi) is a maximal Brauer (cj, ffi)-pair. 

4.6. Moreover, since we are assuming that any block involved in b of any 
nontrivial characteristic fc*-subgroup of G has positive defect, for any i e / 
the defect group Qi is nontrivial; thus, since any T-L-selfcentralizing subgroup 
T of Q [10, 4.8] contains Z{Q) = U^^j Z{Qi) , Cg.{T) centralizes Z{Qi) 7^ {1} 
for any i € / and therefore we get 

Cq{T) C W 4.6.1. 

In particular, W contains K = H-Cq{Q, f) , which is actually a normal 

subgroup of G by the Frattini argument, and therefore the quotient K/H is 
solvable (cf. 16.11). Then, from [10, Proposition 16.15] we may assume that 
this quotient has p-solvable length 1 and that G/ K is a cyclic p'-group; going 
further, from [10, Proposition 16.19] we actually may assume that G/H is a 
p'-group and that G/K is cyclic. 

4.7. Consequently, from now on we assume that G/H is a. p'-group and 
that G/K is cyclic. At this point, since Corollary 3.12 holds, we can remove 
condition [10, 16.22], and then Proposition 16.23 in [10] becomes. 

Proposition 4.8 With the notation above, assume that G/H is a p' -group 
and that G = G/K is cyclic. Denote by 5 the local point of Q on k^,H 
determined by /, by (p the point of k^Cf^{Q, f) such that {S,(p) is the local 
point of Q = P on k^,Gb determined by e , and by G^ the converse image in G 
of the stabilizer G(^s,<fi) of {5, (p) in G . Then b is a block of G'^ and, if (Q) 
holds for {b, G^) , it holds for {b, G) . 

Proof: According to 3.9, the pair {5, ip) has been identified indeed with a local 
point of Q = P on k^Gb , so that e determines (p; moreover, it follows from 
equality 3.2.2 that C acts on the set of points of k^C§{Q, f ) and therefore it 
makes sense to consider the converse image G"^ of C(5^^) in G . 
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Since Cq{Q, /) C ^ C G*' , 6 is also a block of [10, Proposition 15.10] 
and we have eg" (Q, /) = C§{Q, /) , so that ip is also a point of kt,C§^ {Q, /) 

and we have Eav{Q(s,ip)) — EG{Q(s,ip)) ', moreover, by the Frattini argument, 
the stabilizer Aut(G)(p e) of (P, e) in Aut(G)b covers Outfe. (G)^ and therefore 
we get a canonical group homomorphism 

Outfc. {G)b Outfe. (G^)6 4.8.1. 

Now, setting J^'^ = J^^^qv-^, it follows from Corollary 3.12 that we have 
C)Out(G)(,-module isomorphisms 

gk{J',mi:^^^)^gk{:F^,mi(^^)^^) and 0^ (G, 6) ^ ^fc (G'^ , &) 4.8.2. 

Thus, if there is an OOut/j* (G''')6-module isomorphism 

GkiF^ ^ GkiG^ ,h) 4.8.3 

then we get an OOntk* (G)6-module isomorphism Qk{J^, aul^-c) ^ Qk{G, b) . 
We are done. 

Proposition 4.9. With the notation above, assume that G/H is a p' -group, 

that G/K is cyclic and that G = K-NQ{Q(^g ,^^) . Let x be an element of 
7Vq((3(5,(p)) such that the image of x in G/K is a generator of this quotient, 
set G' — H-{x) and choose a block b' of G' such that BrQ(6') ^ . If (Q) 
holds for (&', G') then it holds for (6, G) . 

Proof: Let (p' be a point of the fc-algebra fc*G|^ {Q, f ) such that Q(s,(p') is a 
defect pointed group of b' ; since the quotient G'/H is cyclic, it is clear that 
X normalizes Q{6,!p') and therefore we have 

Eg'(Q(s,^')) = EGiQis,^)) 4.9.1; 

moreover, since the quotient Eg{Q(5.,p)) / {Eh{Qs)^Eg{Q{s,,p))) is cyclic and, 
according to Theorem 3.10 above, the converse images of the intersection 

Eh{Qs) nEG{Q(s,ip)) in EG'{Q(s,ip')) and EG{Qi5,<p)) admit a fc*-group iso- 
morphism Hfting the identity, it follows from Lemma 4.10 below applied to the 
/c* -extensions that equality 4.9.1 also can be lifted to a fc*-group isomorphism 
EG'{Q(s,ip')) — EG{Q{s,ip)) ■ Consequently, it follows from Corollary 3.12 that 
we have canonical O-module isomorphisms 



gk{G,b)^gk{G',b') and gk{J',mt^^^) ^ GkiJ" ,^1^,-^^) 4.9.2. 
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Then, if (Q) holds for {b',G'), it is clear that, for any block {b",G") 
isomorphic to (6', G') , we can choose an O-module isomorphism 

^ib",G") ■■ Ok{G",b") - Gki^", oiTt^.n.) 4.9.3, 

where J-"" = J^^„ , in such a way that these isomorphisms are compatible 
with the isomorphisms between these blocks. At this point, it is easily checked 
that the obvious composition 

gk{G,b) ^ gk{G',b') ^V' efe(^',^rt^'-) = gk{J',mt^-o) 4.9.4 

is an OOut/j. ((j)b-module isomorphism. We are done. 

Lemma 4.10. Let K be a finite group, H a normal subgroup of K such 

that the quotient K/H is cyclic, A a divisible Abelian group and H a, central 
A-extension of H . Assume that the action of K on H can be lifted to an action 
of K on H such that we have lP{K/H,A) = {0}. Then, there exists an 
essentially unique A-extension K of K containing H and lifting the inclusion 
map H ^ K . In particular, any automorphism t of K stabilizing H which 
can be lifted to an automorphism a of H , can be lifted to an automorphism 
of K extending a . 

Proof: Choose a cyclic subgroup C oi K such that K = H-G and set 

D = C n H ; since the converse image I) of D in is split, we can choose a 
splitting 9 : D D C H and, since C C K acts on H , we can consider the 
semidirect product H ys C ; inside, wc define the "inverse diagonal" 

A*{D) = {{0{y),y-')}yeD 4.10.1 

and it is easily checked that A*{D) is a subgroup contained in the center 
of J? X C ; then, it sufhces to set 

K = {HxG)/A*{D) 4.10.2; 

indeed, the structural homomorphism H ^ H x G determines an injection 
H ^ K lifting the inclusion H C K . 

Moreover, if K is an A-cxtension of K containing H and lifting the 
inclusion map H ^ K , then K * K° contains H * H° which is canonically 
isomorphic to A x ff and therefore, up to suitable identifications, the quotient 
( K*K°) /if is an A-extension of the cyclic group K/ H via the action which is 
induced by the action oi K on H ; but, we assume that ^{K/H, A) = {0} ; 
hence, this extension is split and therefore K * K° is also split or, more 
precisely, there is an isomorphism K = K inducing the identity on H . 
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In particular, if r is an automorphism of K stabilizing H which can be 
lifted to an automorphism a of H , it induces a group isomorphism 

HxC^Hxt{C) 4.10.3 

mapping A*{D) onto A*(t(_D)) and therefore it determines an isomorphism 

K ^ {H>jt{C))/A*{t{D)) 4.10.4; 

but, the right member of this isomorphism is also an A-extension of H lifting 
the inclusion map H ^ K and therefore it admits an isomorphism to K 
inducing the identity on H . We are done. 

4.11. Thus, we may assume that G/H is a cyclic ^-group. But, we have 
H = Yli^jHi and we want to reduce our situation to the case where / has 
a unique element. In order to do this reduction, we will apply [10, Corol- 
lary 15.47] which forces us to move to a "bigger" situation; namely, for any 
i e / , let us denote by Ki the image of K in Aut(if,) ; note that, by the very 
definition of K (cf. 4.6), we have 

Ki = Hi-CK,{Qi, fi) 4.11.1. 
Since Ki/Hi is cyclic, it follows from Lemma 4.10 that there exists an es- 
sentially unique /c*-group Ki containing Hi ; set K* = riie7-^« • Then, since 
K/H is cyclic, identifying K to its canonical image in K* = Ilie/ > fol- 
lows again from Lemma 4.10 that we can identify K with the converse image 
of K inK*. 

4.12. Similarly, we can identify G and K* with their image in Aut{H) 
and, in this group, we set G* ~ K*-G; once again, since G*/K* is cyclic, 
there exists an essentially unique fc*-group G* containing K* and, since G/H 
is cyclic, we can identify G with the converse image of G in G* ; then, it is 
clear that 

k*r\G = K and K* ^ H-Cq,{Q, f) 4.12.1. 
Moreover, for any i G I , since the quotient 

ChUQu fi) = CkAQu f^)/CH,{Q^, fi) 4.12.2 

is cyclic, the fc*-group C^' {Qi, fi) is split and it is quite clear that we can 
choose a Ng{Q, /)-stable family of fc*-group homomorphisms 

<Pi-C^:{QiJi)^k* 4.12.3; 

now, since C^' (Q, /) = C^* {Q, /) , this family determines a Ng{Q, /)-stable 
point (fi* of ki,C§ {Q,f) and then the pair {S,(fi*) determines a local point 
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of Q on k*G* (cf. 3.9); it is quite clear that Q(s,ip*) is a defect pointed group 
of a block b* of G* (cf. 2.9) and we set = T{h*,G*) ■ Now, we replace 
Proposition 16.25 in [10] by the following result. 

Proposition 4.13. With the notation above, assume that G/H is a cyclic 
p' -group and that G = K-Nq{Q(^s,<p)) ■ If (Q) holds for (6*, G*) then it holds 

for {b, G) . 

Proof: Since NG{Q,f) normalizes Q(s,:p*) 7 we clearly have 

EG*{Q^s,^,)) = EGiQis,^)) 4.13.1; 

moreover, since the quotient EG{Q{s,ip))/ {Eh{Qs)<~^Eg{Q(s,ip))) is cyclic and, 
according to Theorem 3.10 above, the converse images of the intersection 

Eh{Qs) n Eg{Q{s,^)) in Eg'{Q(s,v')) ^^'^ Eg{Q(s,v)) admit a A:*-group iso- 
morphism lifting the identity, it follows from Lemma 4.10 that equality 4.13.1 
also can be lifted to a A:*-group isomorphism £"0* (Q(<5,ip*)) — Eg{Q[s.^)) ■ 
Consequently, it follows from Corollary 3.12 that we have canonical O- module 
isomorphisms 

gj,{G,b)'^gk{G\b*) and g^iJ^^^i^^^) ^ Guir^^^^^Y^) 4.13.2. 

Then, if (Q) holds for {b* .,G*) , it is clear that, for any block (6*,G*) 
isomorphic to (6*, G*) , we can choose an O- module isomorphism 

1{1',G') ■■ Qk{G\b*) ^ GkiT* 4.13.3, 

where T* = !Fq^, q,^^ . in such a way that these isomorphisms are compatible 
with the isomorphisms between these blocks. At this point, it is easily checked 
that the obvious composition 

gk{G,b) ^ gk{G*,b*) ^'''^'^ gk{T\m\:F,)^o) ^ gk{T,mij.^^) 4.13.4 

is an OOut/j. (G)6-module isomorphism. We are done. 

4.14. Consequently, from now on we assume that K = Hie/ ^'^'-^ \\vAi 
the quotients C = G/K and Ki/Hi for any i e / are cyclic p'-groups; then, 
we have 

k = n^^/. 4.14.1 

and, since b is also a block of K [10, Proposition 15.10], we have b = ®iizjbi 
for a suitable block 6, of Ki for any i £ I ; moreover, we set /C = J^j, and 

/C' = J'jj. for any i € I . Since G = K-Nq{Q, f) , it is clear that 

C^G/k^ N^iQ, f )/Nj,{Q, /) ^ .F(g)//C(g) 4.14.2; 
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then, for any subgroup of C , we denote by the converse image of D in G 
and set ^K, = J^fj^ • Recall that we respectively denote by TZ^Gk{G, b) and 

T^K&k autjrnc ) the intersection of the kernels of all the respective C- module 
homomorphisms determined by the restriction 

gk{G,h)^gkCk,b) and e?fc(7-,cSrt^nc) ^e;fe(^/c,^t(i,Kr) 4.14.3 

where D runs over the set of proper subgroups of C . 

4.15. It is clear that the quotient C = G/K acts on / ; if / decomposes 
on a disjoint union of two nonempty C-stable subsets I' and /" then, setting 

^' = n ^^'^ ^" = n 4.15.1, 

i'er i"ei" 

it follows again from Lemma 4.10 that there exist essentially unique A;*-groups 
G' and G" , respectively containing and normalizing K' and K" , such that 

G'/k' ^C^G"/k" and G'xcG"^G 4.15.2. 

Moreover, setting b' = (Sii'^i'bi' and b" = ®i"^i"bi" , it follows from [10 Pro- 
position 15.10] that b' and b" are respective blocks of G' and G" ; we set 

^' = ^{b',G') ^nd T" = J'^t„^a") 

I II 4.io.o. 

^ = ^ b',K') ^^'^ IC = T b'l^K") 

Note that, for any subgroup D of C , we have an analogous situation with 
respect to the converse images ^k , ^k' and ^k" oi D in G , G' and G" . 

Proposition 4.16 With the notation above, assume that Autk*{G)b stabi- 
lizes r and I" . If (Q) holds for {b' ,^k') and {b" ,^k") for any subgroup D 

of C , then it holds for (6, G) . 

Proof: According to our hypothesis, we have canonical group homomor- 
phisms 

Outfc. {G')bi ^ Outfe. {G)b Outfe. {G")b" 4.16.1; 

then, since any homomorphism from C to k* induces fc*-group automor- 
phisms of G , G' and G" which are contained in the centers of Aut^* (G) , 
Autfe.(G") and Aut^. (G") respectively, it follows from [10, Corollary 15.47] 
that, setting TZ = TZQk{C) , we have 0Outfe* (G)b-module isomorphisms 

TZ^MG', b') ®^ n^,MG", b") - n^GkiG, b) ^^^^ 
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Moreover, assume that we have OOutk*{G')b'- and OOutfc. (G")6"-mo- 
dule isomorphisms 

gkiG',b')^gk{J^',mt^,'^c) and gfe(G", 6") = afc(J^", cSTt^"-) 4.16.3; 

since the restriction induces compatible (C)-niodule structures on all the 
members of these isomorphisms [10, 15.21 and 15.33], it follows from [10, 
15.23.2 and 15.37.1] that we still have T^-Out^* (G)b-module isomorphisms 

% A {G', b') ^ n^Qk [r, ) ^ ^ 

Then, from isomorphisms 4.16.2 we get an OOutfc* (G)6-module isomorphism 

n^gkiG,b) ^ 7^^gfc(J■,a^^^^nc) 4.16.5. 

Consequently, according to our hypothesis, for any subgroup D oi C we 
have an OOutft. {^K) b-modulc isomorphism 

n^GkCk, b) ^ n^Qki^'lC, mi^o^^^c) 4.16.6; 
but, since Autfe» {G)b stabilizes K , we have evident group homomorphisms 

C Outfc. i^k)b ^ Autfc. {G)b 4.16.7 

and it is clear that the image of Aut^* (G)h contains and normalizes the image 
of C ; hence, we still have an OOutfc* (G')6-module isomorphism 

n^gk{''k,bf ^ n^gk{''ic,mt^n,crf 4.16.8. 

Then, it follows from [10, 15.23.4 and 15.38.1] that the direct sum of iso- 
morphisms 4.16.8 when D runs over the set of subgroups of C supplies an 
OOutfe* (G)(,-module isomorphism gk{G, b) = gk{^, aut^nc) . We are done. 

4.17 Prom now on, we assume that the group Autfc» {G)b acts transitively 

on / ; in particular, it acts transitively on the set of G-orbits of / and, for 
any G-orbit O we consider the A;*-group and the block 

k° = f] ki and b° = 6^bi 4.17.1; 

once again, it follows from Lemma 4.10 that there exists an essentially unique 
fc*-group G*^ containing K'-' and fulfilling G = G'~' /K'-' ; then, it follows from 
[10, Proposition 15.10] that b^ is also a block of G"^ and we set 

J' = -^{bo Qo^ and /C = J~(j^o _^o) 4.17.2. 
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Note that G is isomorphic to the direct sum over C of the family of fc* -groups 
when O runs over the set of C-orbits of / . 

Proposition 4.18 With the notation above, assume that AMik*{G)b acts 
transitively on I and let O he a C-orbit of I . If (Q) holds for [b*-^ ,^{K'^)) 
for any subgroup D of C, then it holds for {b, G) . 

Proof: It is clear that the action of Autfc*(G)b on I induces an action of 

Outfc. (G)b on the set / of C-orbits of / ; moreover, denoting by Outfc* {G)b,0 

the stabilizer of O in Outfc* (G)b , it is quite clear that the restriction induces 
a group homomorphism 

Outfe. {G\o Outfc. {G°\o 4.18.1 . 

On the other hand, it is quite clear that Outfc* (G)& acts transitively on the 
two families of O-modules 

{efc(GO',&o')}o'e/ and {n^^M^°' ,^\^o')r..)}o.^i 4.18.2 

and then, iterating the canonical isomorphisms in [10, Corollary 15.47] and 
setting TZ = TZGk (G) , it is not difficult to check that we have TtOutfc* (G)b-mo- 
dule isomorphisms 

''^^<ZUlJ'^.oGk(GO,bO))^n^g,iG,^ 

where ^Ten denotes the usual tensor induction of it-modules. 

Moreover, assume that we have an 0Outfe* (G'^)(,o-module isomorphism 

efe(G°,6°) ^ gfe(.F°,^t(^o)nc) 4.18.4; 

then, since the restriction induces compatible f/fe(G)-modulc structures on 
both members of this isomorphism [10, 15.21 and 15.33], it follows from 
[10, 15.23.2 and 15.37.1] that we still have an OOutfc. (G)b_o-inodule isomor- 
phism 

n^oQk{G°,b°) ^ n^M^'^ ,^H:For) 4.18.5. 

Thus, from isomorphisms 4.18.3 above, we get an OOutfe. (G)6-module iso- 
morphism 

7^ Cfe(G, h) ^ -R^GkiJ^, oITt^-) 4.18.6. 
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Consequently, according to our hypothesis and possibly applying Propo- 
sition 4.16 above and [10, 15.23.2 and 15.37.1], for any subgroup D of C we 
have an COut^. (^Ar)b-module isomorphism 

n^gk{''K,b) ^'R^gk{''}c,mi(^o^yc) 4.18.7; 

but, since Autfe* (G)& stabilizes K , wc have evident group homomorphisms 

C — > Outfe. {^K)b i — Autfe. {G)b 4.18.8 

and it is clear that the image of Autfe. {G)h contains and normalizes the image 
of C ; hence, we still have an OOutfc. (G)6-module isomorphism 

TZ^gk{''K,bf ^'R^gk{''lC,mit^oi^y^^ f 4.18.9. 

Then, it follows from [10, 15.23.4 and 15.38.1] that the direct sum of iso- 
morphisms 4.18.9 when D runs over the set of subgroups of C supplies an 
OOutfe. ((j)6-module isomorphism gk{G, h) = gk{J^, aui^°=) . We are done. 

4.19. In the last step of our reduction, wc assume that C = G/K acts 
transitively on / . In this situation, we have to consider the direct product of 
groups 

k = ^ki 4.19.1; 

since C is cyclic and it acts on {k*y permuting the factors, it follows from 

Lemma 4.10 that there exists an essentially unique (A;*)^-extension G of G 

containing K . Moreover, denoting by Vfe* : {k*y k* the group homomor- 
phism induced by the product in k and considering the group algebras of the 

groups {k*y and G over k and the fc-algebra homomorphism k{k*y — >■ k 
determined by Vfe* , it is quite clear that we have a fc*-group and a fc-algebra 
isomorphisms 

d/Ker{Vk') =G and k ®k{k-y kS ^ kM 4.19.2. 

4.20. In particular, since G acts transitively on the family {Ki}i^j and, 
for any i £ I , bi is a block of Ki (cf. 4.14), by the Prattini argument we get 
canonical group homomorphisms 

Outfe. (G)6 Outfc. {Ki)b, 4.20.1. 

Moreover, choose an element i E I and respectively denote by d , Gi and Gj 
the stabilizers of Hn G , G and G , which actually act trivially on / ; setting 
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I' = I — {i} , it is clear that Ili'e/' ^ normal subgroup of Gi and that 

the quotient 

G' = di/{l[Ki,) 4.20.2 

i'G/' 

is a A;*-group which contains Ki as a normal A;*-subgroup; now, any fc*G*-mo- 
dule Mi can be viewed as a fcGj-module, and the point is that the tensor 
induction Ten? (Mj) becomes a kt,G-module Let us consider TZQk{C) as an 

Gi 

'?^^fc(Ci)-algebra via the group homomorphism mapping c e C on c'^' . 

Proposition 4.21. With the notation above, assume that C acts transitively 
on I and choose an element i of I . For any kt^^ -module Mi considered as 

a kGi-module, Ten? (Mj) becomes a k^G-module, and this correspondence 

induces an OOuik*{G)b-module isomorphism 

nQkiC) ®ng^(Ci) h) ^ TZ^QkiG, b) 4.21.1. 

Proof: Recall that the tensor induction of Mi from Gi to G is the /cG- module 
Ten|(Mi)= (g) {kX®^^^Mi) 4.21.2, 

where kX denotes the fc- vector space over the (right-hand) G^-class X oi G , 
endowed with the (right-hand) fcGi-modulc structure determined by the mul- 
tiplication on the right [10, 8.2]. It is clear that in Ten? (M^) the multiplica- 
tion by (Ai)ig/ G {k*y coincides with the multiplication by Jljg/ G fc* , so 
that, according to isomorphisms 4.19.2, Ten? (Mj) becomes a fc*G-module. 

Moreover, if we have Mj = M[ ® M" as fcGj-modules then we clearly get 
Ten|(M,) 

= ^{^{kX®^^^M[))®u[ (g) {kY^^^M':)) ^■'^^■^ 
^ Y^bibi-x 

where X runs over the set of all the subsets of G/G, ; in particular, since 

any p'-element x ^ G such that G = Gi-{x) stabilizes this direct sum but 

only fixes the terms labeled by and by G/Gj , denoting by Xi the modular 
character of Mj , we get 

(Ten|(xO)(^)=Xi(^') 4.21.4 



27 



where il-^l denotes the image of i'^' S Gi in G* ; in particular, this equality 
shows that the tensor induction Ten? induces an O-module homomorphism 

from Qk{G^) to the O-module formed by the restriction of modular characters 
of G to the set of p'-elements x G G such that G = Gi-{x) . 

But, by the very definition of TZ. Qk{G) in [10, 15.22.4], Tl. Qk{G) is iso- 
morphic to this O-module and this restriction is equivalent to the projection 
obtained from [10, 15.23.4] 

gk{G)^n^Qk{G) 4.21.5, 
so that, we finally get an O-module homomorphism 

GkiG') n^GkiG) 4.21.6; 

more precisely, it is quite clear that this homomorphism maps TZ^-GkiG^) 

on Ti^Qk{G) and, since Tlf.iQkiG^) and Ti^Qk{G) respectively have 'R-Qk{Ci)- 
and 7^(Jfe(G)- module structures, which are compatible with homomorphism 
4.21.5 above, we still get an 7?.^^ (G)-module homomorphism 

HGkiC) ®ng,{c,) T^^,Gk{G') n^Gk{G) 4.21.7 

and we claim that it is bijective. 

Indeed, if Mi is a simple fc*G*-module such that the restriction to 
remains simple then, since K = Wj^jKj and therefore k*K = ®j^ik*Kj , it 

is clear that the restriction of Ten? (Mj) to k*K is simple too. Conversely, 

if M is a simple fc»G-module such that the restriction to K remains simple 
then we necessarily have M = ®j£iMj or, more explicitly, 

Endfe(M) ^(g)5,- 4.21.8 

where Sj = Endfe(Afj) is generated by the image of Kj C K for any j ^ I; 
thus, G stabilizes the family of fc-subalgebras {Sj}j(zi of Endfc(M) , and Gj , 
which coincides with Gj , stabilizes Sj for any j G 7 ; in particular, the im- 
age of any Xi £ Gi in Endfc(M) has the form ^j^jsj for suitable Sj £ Sj 
for any j £ I ; then, considering Gj as a quotient of Gj , it is clear that 

the corresponding homomorphism Gj — >■ Endfc(M) factorizes throughout a 
(A:*)''^-extension homomorphism 



Gj-^n^^ 



4.21.9 
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and then that the corresponding homomorphism Gj Si factorizes through- 
out a A;*-group homomorphism & ^ Si, so that Mj becomes a fc*(j'-module 
which remains simple restricted to Ki . 

Moreover, the groups Hom(Ci,fc*) and Hom(C, fc*) respectively deter- 
mine A:*-group automorphisms of G* and G , and it is elementary to check 
that the restriction of M via the A;*-group automorphism of G determined 

by a suitable element of Hom(G, fc*) coincides with Ten? {Mi). Now, it is 

Gi 

not difficult to check that this correspondence induces a bijection between 
the set of Hom(Gi, fc*)-orbits of isomorphism classes of simple A;,G*-modules 
which remain simple restricted to Ki , and the set of Hom(G, A;*)-orbits of iso- 
morphism classes of the simple A;* G- modules which remain simple restricted 
toK. 

But, it follows from [10, 15.23.2] that these sets of isomorphism classes 
respectively label TZQkiCi)- and (G)-bases of TZ^^Qk{G^) and TlJ^kiG) ; 
this implies the bijectivity of homomorphism 4.21.6 above, proving our claim. 
Moreover, it is easily checked that Mj is associated with the block bi if and 

only if Ten? [Mi) is associated with the block 6; hence, isomorphism 4.21.6 
induces the O-module isomorphism 4.21.1. 

On the other hand, since any fc*-automorphism a of G stabilizes the 
family {Hj}j(zi , if a stabilizes h then it also stabilizes both families {Kj}j^i 
and {G^}j£/, and therefore, according to Lemma 4.10, a can be lifted to 

an automorphism a of G; moreover, since G acts transitively on 7, up to 

a modification of a by an inner automorphism of G , we may assume that 
a fixes i and then a determines a A;*-automorphism Ui of G* ; in this case, 
assuming that Mi is associated with the block bi , it is quite clear that 

Ten? (Res^.(M,)) 9^ Res. (Ten? (M,)) 4.21.10 

Gi Gi 

and therefore, since homomorphism 4.20.1 maps the class of ai on the class 
of (7, homomorphism 4.21.6 is actually an OOutfe* (G)(,-module homomor- 
phism. We are done. 

4.22. Now, always choosing an element i in 7 and setting = J^^f^, , 
we have an analogous result on the relationship between TZ^Qk {T, autj^-no ) 
and TZ^iGk{J^^, aut(^i)K=) ; here we need the alternative definition 2.12.3. 

Theorem 4.23. With the notation above, assume that C acts transitively 
on I and choose an element i of I . Then, there is an OOutk*{G)b-module 
isomorphism 

nOkic) ®ng^m o^v-)-) = n^Qk{:F, oiTt^no) 4.23.1. 
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Proof: Let us recall our notation in [10, 15.33]; let r:A„ T be a 
-chain (cf. 2.12); since r(n) is also /C-selfcentralizing [10, Lemma 15.16] 
and we identify J^(r) with the stabilizer in J^(x{n)) of the images of t{i) 
in r(n) for any i G A„ , it makes sense to consider /C(t) = /C(r(n)) fl J^(r) 
which is a normal subgroup of J^{x) ; then, we denote by c()^(J^'"') the full 
subcategory of ci)*{J^'"') over the set of J^°°-chains r: A„ — >• J^"" such that 

7"(t)//C(t) 4.23.2. 

More explicitly, by the very definition of ^ = ^IC , we have 

T{Q)/K{Q) ^ C 4.23.3; 

choosing a lifting a G J'iQ) of a generator of C , we have a Frobenius functor 
fcr-J^ — ^ [10, 12.1] and therefore we get a new -chain fa ° t; then, 
isomorphism 4.23.2 is equivalent to the existence of a natural isomorphism 
1/ :x = fa ot formed by /C-isomorphisms. 

Mutatis mutandis, we also consider the corresponding full subcategory 
ci)*c.{{J^'y°) of c()*((^*)") • Then, it follows from [10, 15.36] that we have 
contravariant functors 

. „ 4.23.4 

respectively mapping any cl)p( J''^)-object (r, A„) on TZ^^^pk{^ix)) and any 
cf)c, ((•^')'°)-object (ri,A„) on T^^,^,^pk{P{vi)) , and from [10, l^roposi- 
tion 15.37] that we still have 

_ . 4.23.5. 

Explicitly, we have 

n^GkiJ", ) C n T^^^Sk (^(r)) 4.23.6, 

where (c, A^) runs over the set of c[)p(J-' )-objects, and the left member co- 
incides with the set of , where G TZ^^^pk{^{x)) , which are "stable" 

by cf)^(J^") -isomorphisms and, for any cl)p(J''')-object (q,A„) such that 
q = t o t for some injective order-preserving map l : A„ — > A^ , the corre- 
sponding restriction map sends to ; in particular, it is clear that we 
can restrict ourselves to the ci)'^{J- ) -objects such that we have t{i—l) C t(^) 
and x{£ — l* i) is the inclusion map for any 1 < i < m . 
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Moreover, for any £ e Am , let us denote by Xj{t) the image of t{t) in Qj 
and consider the J^^°-chain r* : A^ — >• F^" mapping I € Am on Ylj^j Vj {£) and 
the A„i-morphisms on the corrosponding inchisions; since /C is normal in J-" 
[10, 12.6], it follows from [10, Proposition 12.8] that any J^-automorphism 
of r(m) induces an J-'-automorphism of x*{'m) ; in particular, we get a group 
homomorphism J-{'c) -^(t*) and therefore r* also fulfills condition 4.23.2; 
furthermore, our functor autjrn<: lifts this homomorphism to a A;*-group ho- 
momorphism J'(r) -> T{t*) . 

Consequently, considering the corresponding full subcategory, it follows 
from [10, Proposition A4.7] that, in the direct product in 4.23.6 above, we 
can restrict ourselves to the -chains r such that we have r* = r; more 
explicitly, we may assume that, for any i G A^ , we have 

<^) = n'^^W 4.23.7 

where, for any j & I , : Am — > (•^"'T^ is a (J^^)"' -chain, fulfilling the corre- 
sponding condition 4.23.2, such that we have Xj{i — 1) C tj{£) and Xj{i—1»£) 
is the inclusion map for any 1 < £ < m . 

In this case, it is quite clear that 

4.23.8 

and, arguing as in 4.19 and 4.20 above, it follows from Proposition 4.21 above 
that we have a canonical 7^^fc(C)-isomorphism 

■■ T^Ki.p^iH^)) - T^SkiC) ®ngac.) ^;c>(.,)^4-^'(^i)) 4.23.9 
Mutatis mutandis, we have 

7e^.efe(.F,^rt(^.)nc) c n^/cM..)^fc(-^'('^0) 4.23.10 

where (tj, A^) runs over the set of cf)J;. ((.F*)°°)-objects; once again, we can 
restrict ourselves to the cf)^. ((.7^)'"')-objects such that Xi{l — 1) C Xi{£) and 
ti{£—l»l) is the inclusion map for any 1 < ^ < m . In particular, the extension 

ngk{C) ®ng^(c,) n^M^, ^V*)-) 4.23.11 

coincides with the set of (^ri)tj , where (tj, A^) runs over the set of such 
cf)^. ((.F')'"')-objects and X^. belongs to the extension 



4.23.12, 
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which are "stable" by c()J.. ((.F*) ) -isomorphisms and, moreover, for such 
a cf)^. ((J^')''°)-object (q,, A„) fulfilling qj = ti o l for some injective order- 
preserving map L : A„ , the corresponding restriction map sends Xq . 

to Xr. . 

On the other hand, for any subgroup Ri oi Qi C Q , we consider the 
subgroup of Q 

R* = 4.23.13 

0<t<|/| 

and, more generally, for any ( J'*)'^°-chain tj defined by inclusion maps, we 
denote by t| the corresponding J^°-chain. Further, if tj is a cf)^. ((^')'^°)- 

object then r* is a cf)^(.7^'')-object; indeed, the J^°-chain fcrOt* maps £ G A^ 
on 

a^'^{ti{£))x H a\ti{l)) 4.23.14; 

i<t<|/| 

but, we arc assuming that there is a nat,ural isomorphism = f^m or^ formed 
by /^-isomorphisms; hence, we have a natural isomorphism v* = fa-°^i formed 
by /C-isomorphisms. 

Moreover, it is quite clear that any cf)*((J^*) )-isomorphism tj = can 
be lifted to a ci)*{J- )-isomorphism r* = t'* , and that q^ = Vi o l forces 
q* = r* o t. Consequently, if (X^)^ is an element of 72.^t/fe(J^, autjpnc ) then 
(pr* (-^t*)) J is clearly an element of TZ^.Qk{J^^, out(^i)no) . 

Conversely, for any c[)^(J^°)-object (r, A^) such that r is defined by 
inclusion maps and fulfills equality 4.23.7, it is quite clear that the corre- 
sponding (J'*)''-chain is also defined by inclusion maps and that (tj, A^) 
is a cf)J.. ((J'*)'°)-object; then, from isomorphism 4.23.2 it is easy to check 
that r* is naturally isomorphic to r via an isomorphism inducing the iden- 
tity on Xi . Finally, for any element (X^. )ri of the extension 4.23.12 and 
any c(^^(J^'^)-object (r, A^) as above, we can define as the image of 
(Pr*)~^(^ti) by the 7?.^^ (C)-module isomorphism 

T^^,.,M^i<)) = T^^,MH^)) 4.23.15 

determined by a natural isomorphism t| = r inducing the identity on ti ; it is 
easily checked that this definition does not depend on the choice of the natural 
isomorphism r* = r inducing the identity on tj , and that the element (Xt)t 
of the corresponding direct product actually belongs to 7^^0fe(J^, aut^»<:) 
(cf. 4.23.6). It is clear that both correspondences are inverse of each other 
and therefore they define the announced isomorphism 4.23.1. 

Corollary 4.24. With the notation above, assume that C acts transitively 
on I . Then, if (Q) holds for {bi,^'^K^) for any i £ I and any subgroup Di 
of Ci , it holds for (b, G) . 
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Proof: It follows from Propositions 4.21 and 3.23 that, choosing i € I , we 
have OOutfc» (G)6-module isomorphisms 

nGkiC) ®ng,{c,) n-MG\h) = U^^GkiG, h) ^^^^ 
nGkiC) ^ng.ic) T^^M^\ airt(^.)nc ) ^ n^gk{T, o^t^no) 

On the other hand, assume that we have an OOutfe. (G')^^ -module iso- 
morphism 

gk{G\h,) ^ e;t(J-\a^ri(^.)no) 4.24.2; 

then, since the restriction induces compatible ^fc(Cj)-module structures on 
both members of this isomorphism [10, 15.21 and 15.33], it follows from 
[10, 15.23.2 and 15.37.1] that we still have an 0Outfe. (G')^^ -module isomor- 
phism 

n^pk{G\ hi) ^ n^M^\^hj^r') 4.24.3. 

Thus, from isomorphisms 4.24.1 above, we get an OOutfe* (G)6-module iso- 
morphism 

n^GkiG, h) ^ n^gkiJ", i^t(^)no) 4.24.4. 

Consequently, according to our hypothesis and possibly applying Propo- 
sition 4.18 above and [10, 15.23.2 and 15.37.1], for any subgroup D of C we 
have an OOutfc* (^/r)6-module isomorphism 

n^Gki^'K, b) ^ n^Gki'^JC, airt(z,;c)-) 4.24.5; 

but, since Autfe» (G)^ stabilizes K , we have evident group homomorphisms 

C — > Outfc. {^k)b < — Autfe. (G)fc 4.24.6 

and it is clear that the image of Aut/j* (G)b contains and normalizes the image 
of G ; hence, we still have an OOutft. (G)b-module isomorphism 

Tl-Qk {""k, bf^ n^Gk CIC, mi^n^^^c f 4.24.7. 

Then, it follows from [10, 15.23.4 and 15.38.1] that the direct sum of iso- 
morphisms 4.24.6 when D runs over the set of subgroups of G supplies an 
OOutfe» (G)6-module isomorphism Gk{G, b) = Gk{^, aut^nc) . We are done. 
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Abstract 

We show that the refinement of Alperin's Conjecture proposed in [10, Ch. 16] 
can be proved by checking that this refinement holds on any central A;*-exten- 
sion of a finite group H containing a normal simple group S with trivial 
centralizer in H and p'-cyclic quotient H/ S . This paper improves our result 
in [10, Theorem 16.45] and repairs some bad arguments there. 



